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Abstract
In this work, existence criteria for a positive solution for the following first-order discrete periodic boundary value problem:
x(k) + f (k, x(k + 1)) = 0, k ∈ [0, T ]
x(0) = x(T + 1)
are established by using a fixed point theorem for operators on a cone. An example is also included to illustrate the importance of
the result obtained.
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1. Introduction
Recently, periodic boundary value problems (PBVPs for short) for differential equations have received much
attention from many authors. For example, the method of upper and lower solutions coupled with monotone iterative
techniques has been widely used and some excellent results were obtained in [1–6], and some brief conditions for the
existence and multiplicity of positive solutions for first-order PBVPs were given by using a fixed point theorem on a
cone in [7].
Motivated by the above papers, in this work we are concerned with the existence of a positive solution for the
following first-order discrete PBVP:{
x(k) + f (k, x(k + 1)) = 0, k ∈ [0, T ]
x(0) = x(T + 1), (1.1)
where T is a fixed positive integer and f : [0, T ] × [0,+∞) → R is continuous. Throughout this work, we assume
that the following condition holds:
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(H1) There exists a positive number M > 1 such that
(M − 1)x − f (k, x) ≥ 0 for x ∈ [0,+∞), k ∈ [0, T ].
The following fixed point theorem [8] is very crucial in our arguments.
Theorem 1.1. Let E be a Banach space, and K be a cone in E. Assume Ω1, Ω2 are bounded open sets in E with
0 ∈ Ω1, Ω1 ⊂ Ω2, and let Φ : K ∩ (Ω2 \ Ω1) → K be a completely continuous operator. If
(C1) there exists u0 ∈ K \ {0}, such that u − Φu = λu0, u ∈ K ∩ ∂Ω2, λ ≥ 0; Φu = µu, u ∈ K ∩ ∂Ω1, µ ≥ 1, or
(C2) there exists u0 ∈ K \ {0}, such that u − Φu = λu0, u ∈ K ∩ ∂Ω1, λ ≥ 0; Φu = µu, u ∈ K ∩ ∂Ω2, µ ≥ 1,
then Φ has a fixed point in K ∩ (Ω2 \ Ω1).
2. Preliminaries
Let
C = {x |x : [0, T ] → R}.
For σ ∈ C , we consider the following linear PBVP:{
x(k) + (M − 1)x(k + 1) = σ(k), k ∈ [0, T ]
x(0) = x(T + 1), (2.1)
where M > 1 is a constant.
Defining
r(k) = M
−k
1 − M−(T +1) , k ∈ [0, T + 1],
it is easy to see that r(k) > 0 and satisfies the following inequality:
M−(T +1)
1 − M−(T +1) ≤ r(k) ≤
1
1 − M−(T +1) , k ∈ [0, T + 1]. (2.2)
We can easily obtain the following lemma.
Lemma 2.1. Suppose M > 1. Then for any σ ∈ C, PBVP (2.1) has a unique solution
x(k) =
k−1∑
i=0
r(k − i)σ (i) +
T∑
i=k
r(T + 1 + k − i)σ (i), k ∈ [0, T + 1]. (2.3)
Remark 2.1. Let σ(k) = 1; then we have
k−1∑
i=0
r(k − i) +
T∑
i=k
r(T + 1 + k − i) = 1
M − 1 . (2.4)
Let
E = {x |x : [0, T + 1] → R}
be equipped with the norm
‖x‖ = max
k∈[0,T +1] |x(k)|;
then E is a Banach space.
Let δ = M−(T +1), and define a cone K in E as follows:
K = {x ∈ E |x(k) ≥ δ‖x‖, k ∈ [0, T + 1]}.
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For any u ∈ K , we consider the following PBVP:{
x(k) + (M − 1)x(k + 1) = (M − 1)u(k + 1) − f (k, u(k + 1)), k ∈ [0, T ]
x(0) = x(T + 1). (2.5)
It follows from Lemma 2.1 that PBVP (2.5) has a unique solution
x(k) =
k−1∑
i=0
r(k − i)σu(i) +
T∑
i=k
r(T + 1 + k − i)σu(i), k ∈ [0, T + 1], (2.6)
where σu(i) = (M − 1)u(i + 1) − f (i, u(i + 1)), i ∈ [0, T ].
Define an operator Φ : K → E :
Φ(u)(k) =
k−1∑
i=0
r(k − i)σu(i) +
T∑
i=k
r(T + 1 + k − i)σu(i), k ∈ [0, T + 1].
It is obvious that fixed points of Φ are solutions of PBVP (1.1).
Lemma 2.2. Φ : K → K is completely continuous.
Proof. Suppose u ∈ K . By (H1) and (2.2), we have
0 ≤ Φ(u)(k) =
k−1∑
i=0
r(k − i)σu(i) +
T∑
i=k
r(T + 1 + k − i)σu(i)
≤ 1
1 − M−(T +1)
T∑
i=0
σu(i), k ∈ [0, T + 1],
so,
‖Φ(u)‖ ≤ 1
1 − M−(T +1)
T∑
i=0
σu(i),
and therefore,
Φ(u)(k) =
k−1∑
i=0
r(k − i)σu(i) +
T∑
i=k
r(T + 1 + k − i)σu(i)
≥ M
−(T +1)
1 − M−(T +1)
T∑
i=0
σu(i)
≥ M−(T +1)‖Φ(u)‖ = δ‖Φ(u)‖, k ∈ [0, T + 1].
This shows that Φ : K → K . Furthermore, it is easy to see that Φ : K → K is completely continuous. 
3. Main results
For convenience, we define
f 0 = lim
x→0+
max
k∈[0,T ]
f (k, x)
x
, f0 = lim
x→0+
min
k∈[0,T ]
f (k, x)
x
,
f ∞ = lim
x→+∞ maxk∈[0,T ]
f (k, x)
x
, f∞ = lim
x→+∞ mink∈[0,T ]
f (k, x)
x
.
Our main result is the following theorem.
Theorem 3.1. PBVP (1.1) has at least one positive solution if one of the following conditions is satisfied:
(i) f0 > 0, and f ∞ < 0; or
(ii) f∞ > 0, and f 0 < 0.
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Proof. Since the proof of case (ii) is similar, it is enough to prove case (i).
We suppose that (i) holds; then there exist ε > 0 and R > r1 > 0 such that
f (k, x) ≥ εx, k ∈ [0, T ], x ∈ (0, r1], (3.1)
and
f (k, x) ≤ −εx, k ∈ [0, T ], x ∈ [R,+∞). (3.2)
Let
Ω1 = {x ∈ E : ‖x‖ < r1};
then for any u ∈ K ∩ ∂Ω1, in view of (3.1), we have
Φ(u)(k) =
k−1∑
i=0
r(k − i)σu(i) +
T∑
i=k
r(T + 1 + k − i)σu(i)
≤ (M − 1 − εδ)‖u‖
[
k−1∑
i=0
r(k − i) +
T∑
i=k
r(T + 1 + k − i)
]
= M − 1 − εδ
M − 1 ‖u‖ < ‖u‖.
So,
Φu = µu, u ∈ K ∩ ∂Ω1, µ ≥ 1. (3.3)
On the other hand, let
r2 = R
δ
and Ω2 = {x ∈ E : ‖x‖ < r2};
then for u ∈ K ∩ ∂Ω2, we have
u(k) ≥ δ‖u‖ = R, k ∈ [0, T + 1].
Choose u0 = 1; then u0 ∈ K \ {0}. We claim that
u − Φu = λu0, u ∈ K ∩ ∂Ω2, λ ≥ 0. (3.4)
Suppose on the contrary that there exist u ∈ K ∩ ∂Ω2 and λ0 ≥ 0 such that
u − Φu = λ0u0.
Let
ζ = min
k∈[0,T +1] u(k);
then ζ ≥ R, and we know from (3.2) that
u(k) = λ0 +
k−1∑
i=0
r(k − i)σu(i) +
T∑
i=k
r(T + 1 + k − i)σu(i)
≥ λ0 + M − 1 + εM − 1 ζ, k ∈ [0, T + 1].
Thus,
ζ = min
k∈[0,T +1] u(k) ≥ λ0 +
M − 1 + ε
M − 1 ζ > ζ,
which is a contradiction.
It follows from (3.3), (3.4) and Theorem 1.1 that Φ has a fixed point u∗ ∈ K ∩ (Ω2 \ Ω1), and u∗ is a desired
positive solution of PBVP (1.1). 
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Example 3.1. Consider the following PBVP:{
x(k) + arctan x(k + 1) − (k + 1)(x(k + 1))3 = 0, k ∈ [0, T ]
x(0) = x(T + 1). (3.5)
Since f (k, x) = arctan x −(k+1)x3, it is easy to verify that f0 = 1 and f ∞ = −∞, i.e., Condition (i) of Theorem 3.1
holds. Furthermore, if we choose M = 2, then (H1) is also satisfied. Hence, it follows from Theorem 3.1 that PBVP
(3.5) has at least one positive solution.
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